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Analytical Models for Electron-Vibration Coupling
in Nitrogen Plasma Flows

A. Bourdon¤ and P. Vervisch†

Universite et Institut National des Sciences Appliquées de Rouen, 76821 Mont Saint Aignan CEDEX, France

A model for the electron-vibration energy exchange in nitrogen based on a Landau–Teller-type rate equation
is presented. Analytical expressions of relaxation times are derived for cutoff harmonic oscillator and Morse
oscillator approximations, assuming that the relaxation proceeds by way of a continuous series of Boltzmann
distributionsover the vibrational states. Comparisons with the direct numerical integration of the master equation
have shown that the use of a two-temperature relaxation time allows accurate modeling of the nitrogen vibrational
energy relaxation rate for various conditions encountered in high-enthalpy � ows with electron and vibrational
temperatures up to 40,000 K.

Nomenclature
a = constant in the analytical expression of rate

coef� cients for v > 0 ! w > v transitions
dEn

v / dt = nondimensionalvibrational energy relaxation rate
Ev = vibrational energy per unit volume, J/m3

E ¤
v = vibrational energy calculated with vibrational levels

in Boltzmann equilibrium at the electron temperature
Te , J/m3

Ev , init = vibrational energy at 0-s time, J/m3

J = rotational quantum number
kB = Boltzmann constant, J/K
kv ,w = electron-vibration(E-V) rate coef� cient

of the v ! w transition, m3/s
Nt = total N2 number density, Nv , m ¡ 3

Nv = number density of the vibrational level v of N2, m ¡ 3

ne = electron number density, m ¡ 3

pe = electron partial pressure, nekB Te , atm
Te = electron temperature, K
Tv , Texci = vibrational temperature, K
t = time, s
t n = nondimensional time
vm = total number of excited vibrational levels
D ² = constant of the Morse oscillator, cm ¡ 1

²(v) = energy of the vibrational level v of N2 , J
²1 = energy of the � rst vibrational level of N2, J
r v ,w = E-V cross section of the v ! w transition, m2

s e = E-V relaxation time, s

Supercripts

HO = truncated harmonic oscillator
MO = Morse oscillator

I. Introduction

T HE computations of reentry � ows require the modeling of
numerous complex phenomena because these � ows are gen-

erally in strong thermochemical nonequilibrium (vibrationally ex-
cited, dissociated, and even ionized). Different studies have shown
that the rough modeling of one term (transport property, energy ex-
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change term, etc.) could signi� cantly affect the calculated � ow.1,2

Therefore, it is important to test and improve the accuracy of the
thermochemical models used. In particular, concerning the vibra-
tional energy relaxation in high-enthalpy� ows, many models have
been developed in the recent years for the coupling between vibra-
tion and chemistry. Conversely,only few studies have been devoted
to the modeling of the electron-vibrationenergy exchange. So far,
all of the models3 ¡ 5 use the approximation originally proposed by
Lee6 ¡ 8 to expressthe vibrationalenergyrelaxationrate as a Landau–

Teller-type rate equation of the form

dEv

dt
=

E ¤
v ¡ Ev

s e

(1)

For theelectron-vibration(E-V) relaxationtime, Lee8 derivedan ap-
proximate analytical expression using a harmonic oscillator model
and proposed an empirical curve-� t formula as a function of Te for
1000 ·Te ·50,000 K, easy to incorporate in � ow codes. In agree-
ment with the analysis carried out by Mertens,4 in this work only
Lee’s 1992 results8 will be used for comparison.The most exhaus-
tive work on the determinationof E-V relaxationtimes is the recent
study carried out by Mertens.4 This author integrated numerically
the master equation using a complete database for E-V rate coef-
� cients and an anharmonic oscillator approximation, to determine
two-temperature relaxation times. For 0 ·Tv , Te ·5 eV, results are
given in the form of polynomialequationseasy to implement in � ow
codes.

In the present work, we propose to study the direct analytical
solution of the master equation for vibrational-levelpopulations to
derive a simple expressionof the E-V relaxationtime. An analytical
approach makes possible easily testing the in� uence of the choice
of the oscillator model for N2 , and the accuracy of the E-V rate
coef� cients on the derived relaxation times. In earlier works, E-V
models have been mainly developed and tested in exciting condi-
tions as shocks.3,4,8 In this study, we also propose to investigate
relaxing situations as in expanding � ows.5 Conditions encountered
in high-enthalpy � ows are studied, with electron and vibrational
temperaturesup to 40,000 K.

II. Problem Formulation
A. Oscillator Models

The N2 moleculeis well knownto be anharmonic,and its potential
has been determined accurately by Dmitrieva et al.9 A truncated
harmonic oscillator (HO) agrees with Dmitrieva’s model9 only up
to v ’ 10, whereas with a Morse oscillator approximation a good
agreement is obtained up to v ’ 34. For a Morse oscillator (MO),
the vibrational energy of a level v is given by

²(v) = v²1[1 ¡ ( D ²/ ²1)(v ¡ 1)] (2)
489
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Fig. 1 Rate coef� cients of 0 ! ! v transitions for Te = 1 eV: , calcula-
tions from Huo et al.10 up to v = 5; n , measurements from Allan14 up to
v = 13; and , database given by Huo et al.10 and extension to 0 ! ! v >5
transitions using the technique given by Mertens.4

for 0 ·v ·vm , where ²1 =2330.26 cm ¡ 1 and D ² =14.66 cm ¡ 1.
In this case, 47 excited vibrational levels lie under the dissociation
limit (33 for the truncated HO and 65 for the Ref. 9 model).

B. E-V Rate Coef� cients

In this study, the in� uence of dissociation and recombination is
neglected,and we consideronly vibrationalexcitationand deexcita-
tion processesby electron impact.4,5 The E-V excitation rate coef� -
cients kv ,w > v (Te) for v ! w > v transitionsare obtainedby numer-
ical integration of the excitation cross sections over a Maxwellian
distribution function for the electrons. The associated deexcitation
rates are derived using the detailed balance relationships. The vi-
brationalexcitationof the nitrogen molecule by electron impact has
been studiedextensivelyexperimentallyand theoreticallyin the past
decades.10 ¡ 13 However, only few studies pertain to the accurate de-
termination of absolute integral cross sections that are necessary to
determine E-V rate coef� cients. For 0 ! v transitions, Huo et al.10

carried out ab initio calculationsof cross sectionsand tabulatedE-V
rate coef� cients up to v = 5 for N2 rotational quantum numbers of
J =0, 50, and 150 and electron temperaturesof 0.1–5.0 eV. In pre-
vious studies on E-V coupling in nitrogen,4,8 the rate coef� cients
given by Huo et al.10 for J =50 have been used to take into ac-
count an average rotational excitationof N2 in high-enthalpy� ows.
Measurements of 0 ! v transition cross sections are generally car-
ried out at room temperature and are in fairly good agreement with
the calculations from Huo et al. for J =0 (Ref. 13). However, as
shown by Fig. 1 for Te =1 eV, the discrepancy remains small be-
tween theoreticalratecoef� cientsgivenbyHuo et al.10 for0 ! v ·5
transitionswith J =50 and those calculatedusing the cross sections
measured by Allan.14 For 0 ! v > 5 transitions,Mertens4 proposed
to expand the rate coef� cients given by Huo et al.10 to include all
v greater than 5 using a linear curve � t of a semilog plot of k vs v.
The circles in Fig. 1 show that the rate coef� cients calculated with
this technique are much higher than those derived from the cross
sections measured by Allan14 up to v =13.

In thepresentwork, two setsof rate coef� cientsareusedfor 0 ! v
transitions:thedatabasegivenbyHuo et al.10 andexpandedto higher
vibrationallevelswith the techniqueproposedby Mertens4 (denoted
set 1 in the following sections) and the set of rate coef� cients de-
rived from Allan’s measurements14 up to v =13 and expanded to
higher vibrational levels with the technique proposed by Mertens4

(set 2). For w 6=0 ! v > w transitions,no experimentalinformation
is available, and the most complete set of rate coef� cients is the one
calculatedby Huo et al.10 for J = 50 and initial vibrationalquantum
number up to 12 with changes in vibrational quantum numbers of
¡ 5 to +5. To study the relaxation of the vibrational energy, E-V
rate coef� cients are required for all transitions.Therefore,Mertens4

has proposedto extend the databasegivenby Huo et al.10 for J =50

Fig. 2 Rate coef� cients of v ! ! v ++n transitions for � xed n at Te = 1 eV:
solid line with circles is database from Huo et al.10; A, n = 1; B, n = 2; C,
n = 3; D, n = 4; and E, n = 5. Other lines are database from Huo et al.10

for 0 $ v transitionsandEq. (4)with different valuesof a: – – –, a = 0:15;
– ¢ – , a = 0:25; and ¢ ¢ ¢ , a = 0:05.

to include all transitions between vibrational quantum levels 0–50
for Te =0.1–5 eV. To avoid calculations with a large rate constant
database, in this work, following Gordiets et al.,15 an analytical
expression is used to derive w 6=0 ! v > w rate coef� cients from
0 ! v coef� cients. These authors15 proposed to take into account
the decrease of the w 6=0 ! v > w transition cross sections as w
increases with the following expression:

r v 6= 0 ! v + n = r (0 ! n)(1 + av) ¡ 1 (3)

The correspondingexcitation rate coef� cient is

kv ,v + n(Te) =
k0,n (Te)

1 + av
(4)

with a =0.05 (Ref. 15). In the present work, a new value of a is
determined using Eq. (4) and the rate coef� cients calculated by
Huo et al.10 for 1 ·n ·5. For 3000 ·Te ·40,000 K, we have noted
that the value of a varies slightly with temperature between 0.05
and 0.25, and in the following sections, most results will be pre-
sented for an average value of 0.15. As an example, Fig. 2 shows at
Te = 1 eV that the discrepancy between the rate coef� cients given
by Huo et al.10 and Eq. (4) with a =0.15 remains small. In the fol-
lowing sections, the in� uence of the value of a on the results will
be discussed.

C. Master Equation

We consider a collection of N2 molecules that start at t =0 s to
interchange energy with an electron heat bath having a constant
temperature Te . The resulting master equation is given by

dNv

dt
= ne

vm

w = 0

[kw ,v (Te)Nw ¡ kv ,w (Te)Nv ] (5)

for 0 ·v ·vm . Here Te, ne , and Nt are considered to be constant.5

Considering the energy of the vibrational level w =0 as a reference,
the vibrational energy of the studied system is

Ev =
vm

w = 1

Nw ²(w) (6)

Then the rate of change of the vibrational energy is

dEv

dt
=

vm

w = 1

dNw

dt
²(w ) (7)
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In Sec. III we propose to study the analytical solution of Eq. (7)
using differentoscillatormodels to determine²(w ) and a set of E-V
rate coef� cients consisting of given rate coef� cients for 0 $ v > 0
transitions and an analytical expression for other transitions.

III. Analytical Approach
A. Harmonic Case

For an HO, thevibrationalenergy²(w) of a levelw is proportional
to ²1 , and then Eq. (7) can be written as

dEv

dt
= ne²1

vm

w = 1 j > w

wk j,w N j ¡
j > w

wkw , j Nw

+
j < w

wk j,w N j ¡
j < w

wkw , j Nw (8)

By the use of the analytical expressionof w 6=0 $ v > w rate coef-
� cients as a function of 0 $ v ones, this equation becomes

dEv

dt
= ne²1

vm

w = 1 j > w

w
k j ¡ w ,0

1 + aw
N j ¡

j > w

w
k0, j ¡ w

1 + aw
Nw

+
j < w

w
k0,w ¡ j

1 + a j
N j ¡

j < w

w
kw ¡ j, 0

1 + a j
Nw (9)

which simpli� es to

dEv

dt
= ne²1

£
vm

w = 1

wk0,w

vm ¡ w

j = 0

N j

1 + a j
¡

vm

w = 1

wkw ,0

vm

j = w

N j

1 + a( j ¡ w )

(10)

The next step requiresknowingthevibrationaldistribution.InRef. 5,
using slightly different E-V rate coef� cients, temporal evolutions
of vibrational distributions have been studied for different excit-
ing and relaxing conditions. This study5 has shown that, for condi-
tions where low vibrational levels remained much more populated
than high ones, deviations of the vibrational distribution from a
Boltzmann distribution have a small in� uence on the vibrational
energy relaxation rate. Therefore, to simplify Eq. (10), we propose
to consider that the relaxation proceeds by way of a continuous se-
ries of Boltzmann distributions over the vibrational states. In this
case, the number density of a vibrational level w is

Nw = Nv = 0 exp ¡
²(w)

kB Tv (t)
(11)

where Tv (t) is an effective vibrational temperature. Then the vibra-
tional energy of the system at a given t is

Ev (t ) = ²1 Nt L(Tv ) (12)

with

L(Tv ) =
1

exp(²1 / kB Tv ) ¡ 1
¡

vm + 1

exp[(vm + 1)²1 / kB Tv ] ¡ 1
(13)

At the � nal equilibrium, all vibrational levels are in Boltzmann
equilibrium at the electron temperature Te , and then

E ¤
v (Te) = ²1 Nt L(Te) (14)

By the use of Eq. (11), Eq. (10) simpli� es to

dEv

dt
= ne²1 Nt

1 ¡ exp[ ¡ (²1 / kB Tv )]
1 ¡ exp{ ¡ [(vm + 1)²1 / kB Tv ]}

£
vm

j = 1

jk0, j 1 ¡ exp
j²1

kB

1
Te

¡
1
Tv

£
vm ¡ j

w = 0

exp[ ¡ (w²1 / kB Tv )]
1 + aw

(15)

With the expressions of Ev (t ) and E ¤
v (Te), Eq. (15) can be easily

expressed as a Landau–Teller-type rate equation with a relaxation
time denoted s HO

e (Te , Tv ) given by

1
s HO

e (Te , Tv )
=

ne

L(Te) ¡ L(Tv )

1 ¡ exp[ ¡ (²1 / kB Tv )]
1 ¡ exp{ ¡ [(vm + 1)²1 / kB Tv ]}

£
vm

j = 1

jk0, j 1 ¡ exp
j²1

kB

1
Te

¡
1
Tv

£
vm ¡ j

w = 0

exp[ ¡ (w²1 / kB Tv )]
1 + aw

(16)

In the limit case where Tv ! 0, the expression of s HO
e (Te, Tv ) sim-

pli� es to

1

s HO
e,Tv ! 0(Te)

=
ne

L(Te)

vm

j = 1

jk0, j (17)

As expected, the latter expression is independent of the value of a.

B. Anharmonic Case

In this section, to take into account analytically the in� uence of
the anharmonicity of N2 on the vibrational energy relaxation rate,
an MO approximationis used. In this case, the vibrationalenergy of
a level w of N2 is given by Eq. (2), and then Eq. (7) can be written
as

dEv

dt
= ²1

vm

j = 1

j
dN j

dt
¡ D ²

vm

j = 1

j ( j ¡ 1)
dN j

dt
(18)

Using the analytical expression of w 6= 0 $ v > w rate coef� cients
as a function of 0 $ v ones, we � nd that the two terms on the right-
hand side of Eq. (18) become

vm

j = 1

j
dN j

dt
=

vm

w = 1

wk0,w

vm ¡ w

j = 0

N j

1 + ja

¡
vm

w = 1

wk0,w

vm

j = w

N j

1 + ( j ¡ w)a
exp

²( j ) ¡ ²( j ¡ w )
kB Te

(19)
vm

j = 1

j ( j ¡ 1)
dN j

dt
= 2

vm

w = 1

wk0,w

vm ¡ w

j = 1

j N j

1 + ja

¡ 2
vm

w = 1

wk0,w

vm

j = w

j N j

1 + ( j ¡ w )a
exp

²( j ) ¡ ²( j ¡ w )
kB Te

+
vm

w = 1

w (w ¡ 1)k0,w

vm ¡ w

j = 0

N j

1 + ja
+

vm

w = 1

w (w + 1)k0,w

£
vm

j = w

N j

1 + ( j ¡ w )a
exp

²( j ) ¡ ²( j ¡ w )
kB Te

(20)

Further simpli� cations require knowing the shape of the vibra-
tional distribution.By the use of slightlydifferentoscillator models
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and E-V rate coef� cients, temporal evolutions of vibrational dis-
tributions have been studied for different exciting4,5 and relaxing
conditions5 in previous works. For exciting conditions, we have
noted in Ref. 5 that there were only slight deviations from the re-
sults obtained in the harmonic case close to the � nal equilibrium.
In relaxing conditions,5 due to anharmonicity, we have observed
that high vibrational levels relax much more slowly than low ones.
Then high vibrationallevels remain overpopulatedduring the whole
relaxation and may have an in� uence on the relaxationof the vibra-
tionalenergyat high vibrationalexcitationtemperatures.Neglecting
this in� uence, to simplify Eqs. (19) and (20), we have assumed that
the relaxationproceedsby way of a continuousseries of Boltzmann
distributionsover thevibrationalstates. In this case, the numberden-
sity of a vibrational level w is given by Eq. (11) and the vibrational
energy of the system at a given t is

Ev (t ) =
Nt G(Tv )
K (Tv )

(21)

where

K (Tv ) =
vm

j = 0

exp ¡
²( j )
kB Tv

(22)

G(Tv ) =
vm

w = 1

w²1 exp ¡
²(w)
kB Tv

1 ¡
D ²

²1
(w ¡ 1) (23)

At the � nal equilibrium, all vibrational levels are in Boltzmann
equilibrium at the electron temperature Te , and then

E ¤
v (Te) =

Nt G(Te)
K (Te)

(24)

By the use of Eq. (11) and the expressionsof Ev (t ) and E ¤
v (Te), the

rate of change of the vibrational energy [Eq. (18)] can be expressed
as a Landau–Teller-typerateequationwith a relaxationtime denoted
s MO

e (Te , Tv ) and given by

1
s MO

e (Te , Tv )
=

ne[²1T1(Te , Tv ) ¡ D ²T2(Te , Tv )]
Den(Te , Tv )

(25)

where

T1 =
vm

w = 1

wk0,w

vm ¡ w

j = 0

(B j ¡ B j + w )

1 + ja
exp ¡

²( j )
kB Te

(26)

T2 = 2
vm

w = 1

wk0,w

vm ¡ w

j = 1

j

1 + ja
exp ¡

²( j )
kB Te

(B j ¡ B j + w ) (27)

+
vm

w = 1

w 2k0,w

vm ¡ w

j = 0

exp ¡
²( j )
kB Te

(B j ¡ B j + w )

1 + ja
(28)

+
vm

w = 1

wk0,w

vm ¡ w

j = 0

exp ¡
²( j )
kB Te

(B j + w ¡ B j )

1 + ja
(29)

with

B j = exp
²( j )
kB

1
Te

¡
1
Tv

(30)

Den =

vm

w = 1
vm

j = 0 ²(w) exp{ ¡ [²(w) + ²( j ) / kB Te]}(B j ¡ Bw )

K (Te)

(31)

where K (Te) is given by Eq. (22). In the limit case where Tv ! 0,
Eq. (25) simpli� es to

1

s MO
e,Tv ! 0(Te)

=
ne ²1

vm

j = 1
jk0, j ¡ D ²

vm

j = 1
j ( j ¡ 1)k0, j K (Te)

G(Te)
(32)

As in the harmonic case, the latter expression is independent of the
value of a.

IV. Comparison with Numerical Results
To validate the analytical expressionsof the relaxation times de-

rived in the precedingsection,we propose to carry out comparisons
with the direct numerical integration of the master equation. Fur-
ther details on the numerical method used may be found in Ref. 5.
The vibrational energy and its rate of change are calculated at each
time step using Eqs. (6) and (7), respectively. Effective nitrogen
vibrational temperatures Tv are determined by comparing the in-
stantaneous value of Ev to the vibrational energy that would result
froman equivalentBoltzmannvibrationaltemperature.The numeri-
cally calculatedvibrationalenergy rate of change is compared to the
one calculated using Eq. (1), where Ev is derived from numerical
calculations and E ¤

v (Te) and s e(Te , Tv ) are calculated analytically
using the values of Te and Tv .

A. Harmonic Case

First, we have considered the classical situation of a shock at
t = 0 s, with all N2 molecules populated in the ground state. Fig-
ure 3 shows, for example, for Te = 30,000 K, the evolution of the
normalized vibrational energy relaxation rate

dE n
v

dt
=

dEv

dt

s HO
e,Tv ! 0(Te)

E ¤
v ¡ Ev , init

(33)

as a function of the normalized time

t n = t s HO
e,Tv ! 0(Te) (34)

With this normalization, results are independent of ne and Nt . In
Eq. (33), dEv /dt is either derived from the numerical integrationof
the master equationor calculatedwith a Landau–Teller-typelaw and
different expressionsfor the relaxationtime. For the E-V rate coef� -
cients, set 2 and Eq. (4) with a = 0.15 have been used. As expected,
Fig. 3 shows that the use of s HO

e,Tv ! 0(Te) allows accuratedescription

Fig. 3 For a truncated harmonic oscillator, temporal evolution of the
normalized vibrational energy relaxation rate for an exciting condition
with Te = 30,000 K and at t = 0 s all N2 molecules on the ground state:
——, numerical results with set 2 for 0 $ $ v transitions and Eq. (4) with
a = 0:15; ¢ ¢ ¢ , Landau–Teller-type rate equation with Lee’s relaxation
time8; – – – , Landau–Teller-type rate equation with ¿HO

e;Tv ! ! 0
(Te ); and

– ¢ – , Landau–Teller-type rate equation with ¿ HO
e (Te; Tv ).
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Fig. 4 For a truncated harmonic oscillator, the temporal evolution of
the normalized vibrational energy relaxation rate for a relaxing condi-
tion with Texci = 15,000 K at t = 0 s and Te = 5000 K: ——, numerical
results with set 2 for 0 $ $ v transitions and Eq. (4) with a = 0:15; ¢ ¢ ¢ ,
Landau–Teller-type rate equation with Lee’s relaxation time8; and – ¢ –,
Landau–Teller-type rate equation with ¿ HO

e (Te; Tv ).

of the vibrational energy rate equation for short times, but over-
estimates it as the vibrational energy starts to increase. When the
more general expression of the relaxation time s HO

e (Te , Tv ) is used,
the agreement between the computationsand a Landau–Teller-type
law is signi� cantly increased. However, because in this case the
electron temperature is relatively high, discrepancies are observed
close to the � nal equilibrium where the population of high vibra-
tional levels becomes nonnegligible.Note that this discrepancy re-
mains relatively small up to Te =40,000 K and decreases as the
electron temperature decreases. Figure 3 also shows the results ob-
tained with the approximaterelaxation time proposedby Lee.8 This
model overestimates up to a factor of four the vibrational energy
relaxationrate during the excitationprocess.Note that we have also
obtained a good agreement between computations and a Landau–

Teller-type rate equation with s HO
e (Te , Tv ), for exciting conditions

with at t =0 s, all vibrational levels in Boltzmann equilibrium at
300 K ·Texci < Te for 3000 ·Te ·40,000 K.

In previous studies, the validity of E-V models has been mainly
tested in exciting conditions.3,4,8 In relaxing conditions such as en-
countered in expanding � ows, due to the recombination processes
into high vibrational states, the vibrational distribution may de-
viate signi� cantly from a Boltzmann distribution (see Ref. 16).
However, as a � rst step, we have neglected this in� uence, and
we have considered the rate of change of the vibrational energy
in relaxing conditions, where at t = 0 s, the vibrational distribu-
tion is characterized by a vibrational temperature Texci > Te. Fig-
ure 4 shows, for example, the results obtained for Texci = 15,000
K and Te =5000 K with for E-V rate coef� cients, set 2, and Eq.
(4) with a =0.15. We note that a Landau–Teller-type rate equation
with s HO

e (Te , Tv ) slightly overestimates the E-V energy transfer,
but is much more accurate than using the approximate relaxation
time proposed by Lee.8 Similar results have been obtained for vari-
ous other relaxing conditions with 3000 ·Texci , Te ·40,000 K and
Texci > Te .

All of these comparisons with the direct numerical solution of
the master equation validate the analytical expression of the E-V
relaxation times derived in Sec. III.A for an HO approximation.
In Figs. 5 and 6, we study more in detail the in� uence of the E-V
rate coef� cients and of the temperatureson the calculatedrelaxation
times. Figure 5 shows the variations of s e,Tv ! 0

HO (Te) as a function of
the electron temperature with sets 1 and 2 for 0 $ v transition rate
coef� cients. Note that whatever set is used, the relaxation time is
the smallest at 6000–7000 K and increases rapidly on either side of
this temperature range. In the whole temperature range studied, the
discrepancy between both relaxation times, which is an estimate of
the accuracyof E-V relaxationtimes, is nearly constant and is about
a factor of two. Figure 5 shows that the average value proposed by

Fig. 5 Variations of ¿ HO
e;Tv ! 0

(Te ) as a function of Te: ,
pe¿

HO
e;Tv ! 0

(Te ) with set 1 for 0 $ $ v transitions; – ¢ – , pe¿
HO
e;Tv ! 0

(Te ) with
set 2 for 0 $ $ v transitions; ——, Lee’s model8; and –– –– ––, pe¿

MO
e;Tv ! 0

(Te )
with set 1 for 0 $ $ v transitions.

Fig. 6 Variations of ¿ HO
e (Te; Tv )/¿ HO

e;Tv !! 0
(Te ) as a function of

Tv for different values of Te: solid lines set 2 for 0 $ $ v transitions and
Eq. (4) with a = 0:15; A, Te = 40,000 K; B, Te = 20,000 K; C, Te = 10,000
K; D, Te = 5000 K; and E, Te = 3000 K. Other lines are results for
Te = 20,000 K and Te = 5000 K only; – – –, set 1 for 0 $ $ v transitions
and Eq. (4) with a = 0:15, and – ¢ – , set 2 for 0 $ $ v transitions and Eq. (4)
with a = 0.

Lee8 is very close to the relaxationtime s e,Tv ! 0
HO (Te) calculatedwith

set 1. Figure 6 shows the variationsof s HO
e (Te , Tv )/ s HO

e,Tv ! 0(Te) cal-
culated with set 2 and Eq. (4) with a =0.15 as a function of Tv for
different values of Te. We note that, depending on the nonequilib-
rium of the � ow, the relaxation time s HO

e (Te , Tv ) may be greater
or less than s HO

e,Tv ! 0(Te). The E-V relaxation time increase with in-
creasing electron temperature is not linear, and for Te ¸ 20,000 K,
the ratio s HO

e (Te, Tv ) / s HO
e,Tv ! 0(Te) reaches an upper limit. Note that

for the excitingconditionswith Te ·10,000 K, s e
HO(Te , Tv ) remains

nearly equal to s HO
e,Tv ! 0(Te). For the exciting conditionswith higher

electrontemperatures,the vibrationalrelaxationtime increaseswith
Te and Tv and is up to a factor of four greater than s HO

e,Tv ! 0(Te).
For the relaxing conditions (Tv > Te ), the relaxation time may be
either shorter or longer than s e,Tv ! 0

HO (Te). This result was already
observed by Bourdon and Vervisch5 but in the present work, it is
put forward analytically.For Te = 20,000 and 5000 K, we have also
presented the results obtained with set 2 and Eq. (4) with a =0,
which correspondsto the situation where w 6=0 ! v > w transition
rate coef� cients are equal to 0 ! v ¡ w coef� cients.17 In this case,
at high Te and Tv , the relaxation time is less than the one obtained
for a =0.15, and the discrepancy decreases with decreasing Tv and
Te . Figure 6 also shows for these two temperatures the evolution
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of s HO
e (Te, Tv ) / s HO

e,Tv ! 0(Te) calculated with set 1 and a = 0.15. Be-
cause of Eq. (4), the choice of the rate coef� cients for 0 ! v transi-
tions also has an in� uence on the ratio s HO

e (Te, Tv ) / s HO
e,Tv ! 0(Te).

We note that the discrepancy with the results obtained with set
2 increases with increasing Tv and decreasing electron temp-
erature.

B. Anharmonic Case

To test the validity of an MO approximation to model the E-V
energy exchange in N2 , we have compared the vibrational energy
relaxation rate computed using an MO with the one computed us-
ing the accurate potential given by Dmitrieva et al.9 In the whole
temperature range of our study, 3000 ·Te , Tv ·40,000 K, we have
observed a maximum discrepancy of §3%. This result allows, for
example, direct comparison of the analytical expression of the re-
laxation time derived for an MO in this work with those proposed
by Mertens4 for a more accurate anharmonic oscillator model. As
in the harmonic case, to validate the analytical expressions of the
relaxation times obtained in Sec. III.B, different exciting and relax-
ing conditionshave been studied.Figure 7 presents the evolutionof
the normalized vibrational energy relaxation rate

dEn
v

dt
=

dEv

dt

s MO
e,Tv ! 0(Te)

E ¤
v ¡ Ev , init

(35)

as a function of the normalized time

t n = t s MO
e,Tv ! 0(Te) (36)

for the same condition as Fig. 3. In this case, for E-V rate coef� -
cients, set 1 and Eq. (4) with a =0.15 is used. As in the harmonic
case, at short times, good agreement is obtained with a Landau–

Teller-type law and the relaxation time s MO
e,Tv ! 0(Te). However, as

the vibrational energy increases, this model tends to overestimate
the vibrational energy relaxation rate. Better agreement is obtained
using the general expression of the relaxation time s MO

e (Te, Tv ).
Discrepancies close to the � nal equilibrium are observed only for
Te > 20,000 K and are due to the contribution of high vibrational
level populations. In Fig. 7 we have also presented the results ob-
tained using the polynomial expressions proposed by Mertens4 for
exciting conditions. As expected, with this model we obtain fairly
good agreement with computations. The slight discrepancies ob-
served are due to the small differences in the E-V rate coef� cients
used in the two studies for v > 0 $ w > v transitions.Note that we
have also obtained good agreement between computations and a

Fig. 7 For an MO, the temporal evolution of the normalized vibra-
tional energy relaxationrate for anexciting conditionwith Te = 30,000K
and at t = 0 s allN2 molecules in the groundstate: ——, numerical results
with set 1 for 0 $ $ v transitions and Eq. (4) with a = 0:15; – – – , Landau–

Teller-type rate equation with Mertens’s relaxation time [Eqs. (11–14)
in Ref. 4]; and – ¢ –, Landau–Teller-type rate equation with ¿MO

e (Te; Tv ).

Fig. 8 For an MO, the temporal evolution of the normalized vi-
brational energy relaxation rate for a relaxing condition with Texci =
15,000 K at t = 0 s and Te = 5000 K: ——, numerical results with set 1
for 0 $ $ v transitions and Eq. (4) with a = 0:15 and – ¢ – , Landau–Teller-
type rate equation with ¿ MO

e (Te; Tv ).

Fig. 9 Comparison of E-V relaxation times: – – –, is pe¿
MO
e;Tv ! 0

(Te )
with set 1 for 0 $ $ v transitions; – ¢ – , pe¿

MO
e;Tv ! 0

(Te ) with set 2 for 0 $ $ v
transitions; ——, relaxation time given by Mertens4 for Tv = 0 eV; ,
pe¿e;

MO (Te; Tv ) for Tv = 20,000 K and Te >– Tv with set 1 for 0 $ $ v tran-
sitions and Eq. (4) with a = 0:15; ¢ ¢ ¢ , Mertens’s relaxation time [Eqs.
(11–14) in Ref. 4]; and ¢ , Mertens’s relaxation time [Eqs. (11–13) in
Ref. 4].

Landau–Teller-type rate equation with s MO
e (Te , Tv ) for the excit-

ing conditions with, at t =0 s, all vibrational levels in Boltzmann
equilibrium at 300 K ·Texci < Te for 3000 ·Te ·40,000 K.

As in the harmonic case, we have also carried out comparisons
for different simpli� ed relaxing conditions,where at t = 0 s the vi-
brational distribution is characterized by a vibrational temperature
Texci > Te . As shown in one example in Fig. 8, we have observed
that the use of a Landau–Teller-type equation with s MO

e (Te , Tv )
allows an accurate description of the vibrational energy relax-
ation rate for relaxing conditions with 3000 ·Te ·40,000 K and
Te < Texci ·40,000 K. To study more in detail the in� uence of the
anharmonicityon the calculated relaxationtime, we have presented
s MO

e,Tv ! 0(Te) calculated with set 1 in Fig. 5. As expected, we note
that anharmonicityeffects have only a small in� uence on relaxation
times at high electron temperatures.Figure 9 shows the variation of
s MO

e,Tv ! 0(Te) as a function of Te for sets 1 and 2. We note that the
discrepancybetween both relaxation times remains nearly the same
as in the harmonic case. The relaxation time proposed by Mertens4

for Tv = 0 eV is in good agreementwith our resultswith set 1 at high
temperaturesand is much closer to the results obtainedusing set 2 at
low electron temperatures. To compare our results with Mertens,4

we have presented the relaxation time s MO
e (Te, Tv ) calculated for
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Fig. 10 Variations of ¿MO
e (Te; Tv )/¿MO

e;Tv ! ! 0
(Te ) as a function of Tv

for different values of Te: ——, set 2 for 0 $ $ v transitions and Eq. (4)
with a = 0:15; A, Te = 40,000 K; B, Te = 20,000 K; C, Te = 10,000 K; D,
Te = 5000K; and E, Te = 3000K. Other lines are results for Te = 20,000K
and Te = 5000 K only; – – –, set 1 for 0 $ $ v transitions and Eq. (4) with
a = 0:15 and – ¢ – , set 2 for 0 $ $ v transitions and Eq. (4) with a = 0.

the excitingconditionswith Tv = 20,000·Te ·40,000 K. In agree-
ment with Mertens,4 the relaxationtime is shown to increaseat high
vibrational temperatures in the exciting conditions. We note that
our model is very close to the two sets given by Mertens. Simi-
lar results have been obtained for other exciting conditions with
2000 ·Tv ·40,000 K and Tv ·Te. Figure 10 is the same as Fig. 6
in the anharmonic case. In comparison to Fig. 6, we note that the
relaxation time increases slightly more rapidly with Tv at high Te

than in the harmonic case. However, the discrepancy between the
relaxation times obtained in the harmonic and anharmonic case re-
mains small. The in� uence of the value of a and the choice between
sets 1 and 2 is also shown in Fig. 10 and is very similar to the har-
monic case. In the harmonic and anharmonic cases, the tests of the
in� uence of the E-V rate coef� cients have shown that the accuracy
of the derived relaxation time is only of a factor of two. There-
fore, further studies on the determination of E-V rate coef� cients,
in particular for w 6= 0 $ v > w transitions, would be of great in-
terest to improve the accuracy of the E-V relaxation times. In the
anharmonic case, the expression of the relaxation time [Eq. (25)]
is more intricate than in the harmonic case [Eq. (16)] and, there-
fore, requires more computation time. However, for a given set of
0 $ v transition rate coef� cients and a value of a, the relaxation
time can be tabulatedeasily for the electron and vibrational temper-
ature range of interest before the computation of the � ow. For the
excitingconditions,we recommend the use of the polynomialequa-
tionsgiven by Mertens,which are easy to implementdirectly in � ow
codes.

V. Conclusions
In this work, a Landau–Teller-type model for the E-V coupling

in nitrogen is derived. In agreement with the most recent studies on
absolute integral E-V cross sections, the database used in this work
is made up of given rate coef� cients for 0 $ v > 0 transitions and
an analytical expression for other transitions. Note that the method
proposedcan be easily adapted to take into account a more complex
analytical expression of v 6=0 $ w > v transition rate coef� cients.
By the considering of harmonic and anharmonic oscillator mod-
els, analytical expressions of relaxation times are presented assum-
ing that the relaxation proceeds by way of a continuous series of
Boltzmann distributionsover the vibrational states. This model has
been validatedby comparisonswith the direct numerical integration
of the master equation for vibrational level populations for various
conditionsencounteredin high-enthalpy� ows with electronand vi-
brational temperatures up to 40,000 K. Note that this model can be
used to model accurately the E-V energy transfer even in situations

where the vibrational distribution deviates from a Boltzmann dis-
tribution. In exciting conditions, the E-V relaxation time derived in
this study for an MO is in good agreement with the recent results
obtainedby Mertens.4 For the excitingconditions, to model the E-V
coupling in � ow codes, it is recommended to use the polynomial
equations proposed by Mertens.4 In this work, an attempt to model
the E-V coupling in relaxing � ows is also presented.The simpli� ed
case where, at t =0 s, the vibrationaldistributionis characterizedby
a vibrational temperature Texci > Te has been studied. Further work
in this direction should take into account a more realistic shape of
the vibrationaldistribution in relaxing conditions.
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