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Analytical Models for Electron-Vibration Coupling
in Nitrogen Plasma Flows

A. Bourdon*and P. Vervisch’
Universite et Institut National des Sciences Appliquées de Rouen, 76821 Mont Saint Aignan CEDEX, France

A model for the electron-vibration energy exchange in nitrogen based on a Landau-Teller-type rate equation
is presented. Analytical expressions of relaxation times are derived for cutoff harmonic oscillator and Morse
oscillator approximations, assuming that the relaxation proceeds by way of a continuous series of Boltzmann
distributions over the vibrational states. Comparisons with the direct numerical integration of the master equation
have shown that the use of a two-temperature relaxation time allows accurate modeling of the nitrogen vibrational
energy relaxation rate for various conditions encountered in high-enthalpy flows with electron and vibrational

temperatures up to 40,000 K.

Nomenclature

a = constantin the analytical expression of rate
coefficients for v > 0— w > v transitions

dE}/dt = nondimensionalvibrational energy relaxationrate

E, = vibrational energy per unit volume, J/m3

E; = vibrational energy calculated with vibrational levels
in Boltzmann equilibrium at the electron temperature
T,, J/m?

E, it = vibrationalenergy at 0-s time, J/m3

J = rotational quantum number

kg = Boltzmann constant, J/K

ky = electron-vibration (E-V) rate coefficient
of the v — w transition, m?/s

N, = total N, number density, » . N,, m~3

N, = number density of the vibrational level v of N,, m3

n, = electron number density, m™3

Pe = electron partial pressure, n,kz7T,, atm

T, = electron temperature, K

T,, Txei = vibrationaltemperature, K

t = time,s

t" = nondimensional time

Vi = total number of excited vibrational levels

A€ = constant of the Morse oscillator,cm™!

e(v) = energy of the vibrationallevel v of N, J

€ = energy of the first vibrational level of N,, J

Cw = E-V cross section of the v — w transition, m?

T, = E-V relaxationtime, s

Supercripts

HO = truncated harmonic oscillator

MO = Morse oscillator

I. Introduction

HE computations of reentry flows require the modeling of
numerous complex phenomena because these flows are gen-
erally in strong thermochemical nonequilibrium (vibrationally ex-
cited, dissociated, and even ionized). Different studies have shown
that the rough modeling of one term (transport property, energy ex-
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change term, etc.) could significantly affect the calculated flow.!-
Therefore, it is important to test and improve the accuracy of the
thermochemical models used. In particular, concerning the vibra-
tional energy relaxation in high-enthalpy flows, many models have
been developed in the recent years for the coupling between vibra-
tion and chemistry. Conversely, only few studies have been devoted
to the modeling of the electron-vibrationenergy exchange. So far,
all of the models®~3 use the approximation originally proposed by
Lee®~® to expressthe vibrationalenergy relaxationrate as a Landau-
Teller-type rate equation of the form

dE, E’-E,

dr )

Te

For the electron-vibration(E-V) relaxationtime, Lee® derived an ap-
proximate analytical expression using a harmonic oscillator model
and proposed an empirical curve-fit formula as a function of 7, for
1000 <T, <50,000 K, easy to incorporate in flow codes. In agree-
ment with the analysis carried out by Mertens,* in this work only
Lee’s 1992 results® will be used for comparison. The most exhaus-
tive work on the determination of E-V relaxationtimes is the recent
study carried out by Mertens.* This author integrated numerically
the master equation using a complete database for E-V rate coef-
ficients and an anharmonic oscillator approximation, to determine
two-temperature relaxation times. For 0 <7, T, <5 eV, results are
givenin the form of polynomialequationseasy to implementin flow
codes.

In the present work, we propose to study the direct analytical
solution of the master equation for vibrational-level populations to
derive a simple expressionof the E-V relaxationtime. An analytical
approach makes possible easily testing the influence of the choice
of the oscillator model for N,, and the accuracy of the E-V rate
coefficients on the derived relaxation times. In earlier works, E-V
models have been mainly developed and tested in exciting condi-
tions as shocks>*8 In this study, we also propose to investigate
relaxing situations as in expanding flows.> Conditions encountered
in high-enthalpy flows are studied, with electron and vibrational
temperatures up to 40,000 K.

II.

A. Oscillator Models

The N, moleculeis well known to be anharmonic,and its potential
has been determined accurately by Dmitrieva et al.” A truncated
harmonic oscillator (HO) agrees with Dmitrieva’s model® only up
to v = 10, whereas with a Morse oscillator approximation a good
agreement is obtained up to v = 34. For a Morse oscillator (MO),
the vibrational energy of a level v is given by

Problem Formulation

ev) =vell — (Ae/e)(v — D] 2)
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Fig. 1 Rate coefficients of 0 — v transitions for 7, =1 eV: U, calcula-
tions from Huo et al.'® up to v =5; /\, measurements from Allan'* up to
v =13; and O, database given by Huo et al.!’ and extension to 0 — v >5
transitions using the technique given by Mertens.*

for 0 <v <v,,, where €, =2330.26 cm™' and A€ =14.66 cm™'.
In this case, 47 excited vibrational levels lie under the dissociation
limit (33 for the truncated HO and 65 for the Ref. 9 model).

B. E-V Rate Coefficients

In this study, the influence of dissociation and recombination is
neglected,and we consider only vibrational excitationand deexcita-
tion processes by electron impact.*3 The E-V excitation rate coeffi-
cientsk, ,, », (T,) forv— w > v transitions are obtained by numer-
ical integration of the excitation cross sections over a Maxwellian
distribution function for the electrons. The associated deexcitation
rates are derived using the detailed balance relationships. The vi-
brational excitation of the nitrogen molecule by electronimpact has
beenstudied extensivelyexperimentallyand theoreticallyin the past
decades.!'’~!3 However, only few studies pertain to the accurate de-
termination of absolute integral cross sections that are necessary to
determine E-V rate coefficients. For 0— v transitions, Huo et al.'
carried out ab initio calculations of cross sections and tabulated E-V
rate coefficients up to v =5 for N, rotational quantum numbers of
J =0, 50, and 150 and electron temperatures of 0.1-5.0 eV. In pre-
vious studies on E-V coupling in nitrogen,*3 the rate coefficients
given by Huo et al.!” for J =50 have been used to take into ac-
count an average rotational excitation of N, in high-enthalpy flows.
Measurements of 0— v transition cross sections are generally car-
ried out at room temperature and are in fairly good agreement with
the calculations from Huo et al. for J =0 (Ref. 13). However, as
shown by Fig. 1 for 7T, =1 eV, the discrepancy remains small be-
tween theoreticalrate coefficients givenby Huoetal.!” for0 — v <5
transitions with J =50 and those calculated using the cross sections
measured by Allan." For 0— v > 5 transitions, Mertens* proposed
to expand the rate coefficients given by Huo et al.'° to include all
v greater than 5 using a linear curve fit of a semilog plot of k vs v.
The circles in Fig. 1 show that the rate coefficients calculated with
this technique are much higher than those derived from the cross
sections measured by Allan'* up to v =13.

In the present work, two sets of rate coefficientsareusedfor 0 — v
transitions:the database givenby Huo etal.!” and expandedto higher
vibrationallevels with the technique proposed by Mertens* (denoted
set 1 in the following sections) and the set of rate coefficients de-
rived from Allan’s measurements'* up to v =13 and expanded to
higher vibrational levels with the technique proposed by Mertens*
(set2). Forw #0— v > w transitions,no experimentalinformation
is available, and the most complete set of rate coefficients is the one
calculated by Huo et al.'” for J =50 and initial vibrational quantum
number up to 12 with changes in vibrational quantum numbers of
—5 to +5. To study the relaxation of the vibrational energy, E-V
rate coefficients are required for all transitions. Therefore, Mertens*
has proposedto extend the database givenby Huo et al.'” for J =50

initial vibrational quantum level, v

Fig. 2 Rate coefficients of v — v +n transitionsfor fixedn atT, =1eV:
solid line with circles is database from Huo et al.'’; A, n=1;B,n =2; C,
n=3;D,n=4; and E, n = 5. Other lines are database from Huo et al.!’
for 0 — v transitions and Eq. (4) with different valuesof a: - - -,a = 0.15;
-—-,a=0.25;and --,a=0.05.

to include all transitions between vibrational quantum levels 0-50
for T, =0.1-5 eV. To avoid calculations with a large rate constant
database, in this work, following Gordiets et al.,’” an analytical
expression is used to derive w #0— v > w rate coefficients from
0— v coefficients. These authors'® proposed to take into account
the decrease of the w #0— v > w transition cross sections as w
increases with the following expression:

Oy t0—vin = 00— n)(1 +av)™ 3)
The corresponding excitation rate coefficient is

kO,n (Te)

kfv nTe =
v +n(T0) 1+ av

“)

with @ =0.05 (Ref. 15). In the present work, a new value of a is
determined using Eq. (4) and the rate coefficients calculated by
Huo et al.! for 1 <n <5. For 3000 <7, <40,000K, we have noted
that the value of a varies slightly with temperature between 0.05
and 0.25, and in the following sections, most results will be pre-
sented for an average value of 0.15. As an example, Fig. 2 shows at
T, =1 eV that the discrepancy between the rate coefficients given
by Huo et al.!? and Eq. (4) with a =0.15 remains small. In the fol-
lowing sections, the influence of the value of a on the results will
be discussed.

C. Master Equation

We consider a collection of N, molecules that start at t =0 s to
interchange energy with an electron heat bath having a constant
temperature 7,. The resulting master equation is given by

dn, =

— = e kw v ’Te Nw - kv w Te Nv 5
- n;)[,m w(TIN,] 5)

for 0 <v <v,,. Here T,, n,, and N, are considered to be constant?

Considering the energy of the vibrationallevel w =0 as a reference,

the vibrational energy of the studied system is

E, = Z N, €(w) ©)

w=1

Then the rate of change of the vibrational energy is

dE, < dN,,

dr dr

w=1

€(w) (M
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In Sec. III we propose to study the analytical solution of Eq. (7)
using differentoscillator models to determine €(w ) and a set of E-V
rate coefficients consisting of given rate coefficients for 0 < v >0
transitions and an analytical expression for other transitions.

III. Analytical Approach

A. Harmonic Case

Foran HO, the vibrationalenergy €(w) of alevel w is proportional
to €, and then Eq. (7) can be written as

% =€ 2’”: [ZW"MN/ - Y wky N,

w=1 ji>w ji>w

+ Z wk; N, — Z wkwyij:| (8)

j<w j<w

By the use of the analytical expressionof w =0« v > w rate coef-
ficients as a function of 0 < v ones, this equation becomes

dE, - —w —w
T:maZ[Zwl;m{:} ZWIO-I-IaW

w=1 ji>w ji>w

P Tl T g

j<w j<w

which simplifies to

dE,
— =n.€
dr
Vm Vm — W N
X[w=1Wk07w j=0 1+a‘] _n—IWknO 1+a(JI_W):|

(10)

The nextsteprequiresknowingthe vibrationaldistribution.In Ref. 5,
using slightly different E-V rate coefficients, temporal evolutions
of vibrational distributions have been studied for different excit-
ing and relaxing conditions. This study’ has shown that, for condi-
tions where low vibrational levels remained much more populated
than high ones, deviations of the vibrational distribution from a
Boltzmann distribution have a small influence on the vibrational
energy relaxationrate. Therefore, to simplify Eq. (10), we propose
to consider that the relaxation proceeds by way of a continuous se-
ries of Boltzmann distributions over the vibrational states. In this
case, the number density of a vibrational level w is

E(w)
kBTvm} o

Nw = L7=Oexp[_

where 7, () is an effective vibrational temperature. Then the vibra-
tional energy of the system at a given ¢ is

E,(t) =€N,L(T,) (12)

with

1 C+1
L(T,) = - o (13)
exp(€/kgT,) — 1 expl(v, + D€ /kpT,] =1

At the final equilibrium, all vibrational levels are in Boltzmann
equilibrium at the electron temperature 7,, and then

EXT,) =€ N,L(T,) (14)

By the use of Eq. (11), Eq. (10) simplifies to

dE, 1 —expl—(&/kzT,)]
_— = nL,Eth
dr 1 —exp{—[(v,, + D&/ ksT ]}

x ijo/{l ‘exp[JkZl ( le Tl)“

j=1

v = J _
9 Z expl—(w€ /ksT,)] (15)

1+ aw
w=0

With the expressions of E,(¢) and E’(7,), Eq. (15) can be easily
expressed as a Landau-Teller-type rate equation with a relaxation
time denoted 7°(T,, T,) given by
_ 1 —exp[—(€/kzT,)]

L(T.) = L(T,) 1 — exp{—[(vi, + D&/ kp T, ]}

1 n,

(T, 1))

X ijo/{l ‘eXp[JkZl (i - TL)“

j=1

v = J _
y Z eXp[ (we lkpT,)] (16)

1+ aw
w=0

In the limit case where T, — 0, the expression of ‘CHO( , T,) sim-
plifies to

1

(T L(T)Z’ " an

L T —0
As expected, the latter expression is independent of the value of a.

B. Anharmonic Case

In this section, to take into account analytically the influence of
the anharmonicity of N, on the vibrational energy relaxation rate,
an MO approximationis used. In this case, the vibrational energy of
alevel w of N, is given by Eq. (2), and then Eq. (7) can be written
as

(18)

j=1 j=1

Using the analytical expression of w #0 < v > w rate coefficients
as a function of 0 < v ones, we find that the two terms on the right-
hand side of Eq. (18) become

— N;
dt _ZWkO” Z 1+ ja

ji=1 w=1 j=0
e N, €() — € = w)
— ko - J
;W “’”;H(j—w)a eXp[ isT,
(19)
S
T} k
ZJ( ZW 0,w . 1+ja
ji=1 w=1 ji=1
- - JN; €(j)—€(j —w)
-2 ko,
;W 0’”;1+(j—w)ae)(p|: kol
+ Zw(w = Dk, 2; 1+]a + Zw(w + Dk,
w = I— w =
Vm N; €(j)—€(j —w)
X / 2
;1+(j—w)anp|: k5T, 20

Further simplifications require knowing the shape of the vibra-
tional distribution. By the use of slightly different oscillator models
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and E-V rate coefficients, temporal evolutions of vibrational dis-
tributions have been studied for different exciting*> and relaxing
conditions’ in previous works. For exciting conditions, we have
noted in Ref. 5 that there were only slight deviations from the re-
sults obtained in the harmonic case close to the final equilibrium.
In relaxing conditions due to anharmonicity, we have observed
that high vibrational levels relax much more slowly than low ones.
Then high vibrationallevelsremain overpopulatedduring the whole
relaxation and may have an influence on the relaxationof the vibra-
tionalenergy at high vibrationalexcitationtemperatures.Neglecting
this influence, to simplify Eqs. (19) and (20), we have assumed that
the relaxation proceeds by way of a continuousseries of Boltzmann
distributionsover the vibrationalstates. In this case, the numberden-
sity of a vibrationallevel w is given by Eq. (11) and the vibrational
energy of the system at a given # is

_ N,G(T,)
E, (1) = —K(ﬂ,) 21
where
- €(j)
K(T, = exp|:— } (22)

G(T,) = Zwel exp|:— E(v;)i| |:1 - %(w - 1)i| (23)
BLy 1

w=1

At the final equilibrium, all vibrational levels are in Boltzmann
equilibrium at the electron temperature 7,, and then

EXT,) = NG (24)
' K(T.)

By the use of Eq. (11) and the expressionsof E,(¢) and E’(T,), the

rate of change of the vibrational energy [Eq. (18)] can be expressed

as a Landau-Teller-typerate equation with a relaxationtime denoted

t™O(T,, T,) and given by

1 _nleT(T,, T,) — AeTy(T,, T,)] 25)
™O(T, T,) Den(T,, T,)
where
Vm Vi —w (BI _ Bj+w) E(J)
I = ko .o 1 -— 26
1 ZW 0, 2; 1+ ja exp %o, (26)
w = J=

Vi Vim —w . € .
T,=2) wky, ¥ — exp[—%}w, - B;r) @27)
=1 Ble

€(j) | (B = Bj+)
+ Koo - — 2
Yo o R [ ERES e

Vm Vi — W E(]) (Bj+w _ BI)
+ kq . _—— 2
ZW“’” ZexP( k5n> 1+ ja (29)

with
o ED (L L
B; —exp|: T (TL ﬂ>i| (30)
Den — v €(w) exp{—[e(w) + €(j)/ ks T.INB; — B.)

K(T,)
(1)

where K (T,) is given by Eq. (22). In the limit case where 7, — 0,
Eq. (25) simplifies to

1

MO (T,

e X ke =A€Y j(J = Dko, ]K(T) )
h G(T,)

As in the harmonic case, the latter expressionis independent of the
value of a.

IV. Comparison with Numerical Results

To validate the analytical expressions of the relaxation times de-
rived in the preceding section, we propose to carry out comparisons
with the direct numerical integration of the master equation. Fur-
ther details on the numerical method used may be found in Ref. 5.
The vibrational energy and its rate of change are calculated at each
time step using Eqgs. (6) and (7), respectively. Effective nitrogen
vibrational temperatures 7, are determined by comparing the in-
stantaneous value of E, to the vibrational energy that would result
from an equivalentBoltzmann vibrational temperature. The numeri-
cally calculated vibrationalenergy rate of change is compared to the
one calculated using Eq. (1), where E, is derived from numerical
calculations and E(7T,) and 7.(7,, T,) are calculated analytically
using the values of 7, and 7, .

A. Harmonic Case

First, we have considered the classical situation of a shock at
t =0 s, with all N, molecules populated in the ground state. Fig-
ure 3 shows, for example, for 7, =30,000 K, the evolution of the
normalized vibrational energy relaxation rate

dE! dE, 7% _ (1)

 eE—— (33)
dr dr (Ef - Ev,inil)
as a function of the normalized time
=1 ][ (1] (34)

With this normalization, results are independent of n, and N,. In
Eq. (33), dE,/dt is either derived from the numerical integration of
the master equationor calculated with a Landau-Teller-typelaw and
differentexpressionsfor the relaxation time. For the E-V rate coeffi-
cients, set 2 and Eq. (4) with @ =0.15 have been used. As expected,
Fig. 3 shows that the use of TETOV _ o(T.) allows accurate description

10— .

v

dE "/dt

0.5

vl vl cvowt ceond ed T

0.0 Ll il vl sl
10° 10" 10° 107 100 10" 10

t

1

Fig. 3 For a truncated harmonic oscillator, temporal evolution of the
normalized vibrational energy relaxation rate for an exciting condition
with T, =30,000 K and at #= 0 s all N, molecules on the ground state:
, numerical results with set 2 for 0 < v transitions and Eq. (4) with
a=0.15; - -, Landau-Teller-type rate equation with Lee’s relaxation
time®; - - -, Landau-Teller-type rate equation with Teﬂ;) _ ¢Te); and
- -, Landau-Teller-type rate equation with TeHO(Te, T,)."




BOURDON AND VERVISCH 493

LSLLLAAL B MR e G5 S R A1 IR N1 SR I REALL IR

15 - . .

v

dE "/dt

0.0 - Hmu\_A\ \mm\_zw umu\_zr HmuJ_lr Hmntor 1:“ ! Ii L N
10° 10" 100 107 10 100 10 10

t

Fig. 4 For a truncated harmonic oscillator, the temporal evolution of
the normalized vibrational energy relaxation rate for a relaxing condi-
tion with Ty =15,000 K at1=0 s and 7, =5000 K: ——, numerical
results with set 2 for 0 < v transitions and Eq. (4) with a=0.15; - -,
Landau-Teller-type rate equation with Lee’s relaxation time®; and - —,
Landau-Teller-type rate equation with TeHO(Te, T,).

of the vibrational energy rate equation for short times, but over-
estimates it as the vibrational energy starts to increase. When the
more general expression of the relaxation time ‘CHO( , T,) is used,
the agreement between the computationsand a Landau Teller-type
law is significantly increased. However, because in this case the
electron temperature is relatively high, discrepancies are observed
close to the final equilibrium where the population of high vibra-
tional levels becomes nonnegligible. Note that this discrepancy re-
mains relatively small up to 7, =40,000 K and decreases as the
electron temperature decreases. Figure 3 also shows the results ob-
tained with the approximaterelaxation time proposedby Lee.® This
model overestimates up to a factor of four the vibrational energy
relaxationrate during the excitation process. Note that we have also
obtained a good agreement between computations and a Landau-
Teller-type rate equation with t77°(7,, T,), for exciting conditions
with at £ =0 s, all vibrational levels in Boltzmann equilibrium at
300 K<T. < T, for 3000 <T, <40,000 K.

In previous studies, the validity of E-V models has been mainly
tested in exciting conditions>*8 In relaxing conditions such as en-
countered in expanding flows, due to the recombination processes
into high vibrational states, the vibrational distribution may de-
viate significantly from a Boltzmann distribution (see Ref. 16).
However, as a first step, we have neglected this influence, and
we have considered the rate of change of the vibrational energy
in relaxing conditions, where at t =0 s, the vibrational distribu-
tion is characterized by a vibrational temperature T,,; > T,. Fig-
ure 4 shows, for example, the results obtained for 7.,; = 15,000
K and 7, =5000 K with for E-V rate coefficients, set 2, and Eq.
(4) with a =0.15. We note that a Landau-Teller-type rate equation
with t9(T,, T,) slightly overestimates the E-V energy transfer,
but is much more accurate than using the approximate relaxation
time proposed by Lee.® Similar results have been obtained for vari-
ous other relaxing conditions with 3000 <7, T, <40,000 K and
Tcxci > Te

All of these comparisons with the direct numerical solution of
the master equation validate the analytical expression of the E-V
relaxation times derived in Sec. III.A for an HO approximation.
In Figs. 5 and 6, we study more in detail the influence of the E-V
rate coefficients and of the temperatureson the calculatedrelaxation
times. Figure 5 shows the variations of 7P _, ((7}) as a function of
the electron temperature with sets 1 and 2 for 0 < v transition rate
coefficients. Note that whatever set is used, the relaxation time is
the smallest at 6000-7000 K and increasesrapidly on either side of
this temperature range. In the whole temperature range studied, the
discrepancy between both relaxation times, which is an estimate of
the accuracy of E-V relaxationtimes, is nearly constantand is about
a factor of two. Figure 5 shows that the average value proposed by

Relaxation time, p,T,, atm.s

—_
[=)

L
=

| I S I | L

3000 10000 40000
T,K

F1g 5 Variations of TH o(Te) as a functlon of Tei——,

(T,) with set 1 for 0<—> v transitions; - -, p, T .. T _ u(T ) with
,Lee’s model®; and - - -, p, eMT _ (T

PeT,, T -0
set 2 for 0 < v transitions;
with set 1 for 0 < v transitions.

(=] w I~

Normalized relaxation time

0
0 10000 20000 30000 40000
T,K

Fig. 6 Variations of THO(T,,T, )/Teﬂ;) _ o) as a function of
T, for different values of T,: solid lines set 2 for 0 < v transitions and
Eq. (4) with a =0.15; A, T, = 40,000 K; B, T, =20,000 K; C, T, =10,000
K; D, T, =5000 K; and E, T,=3000 K. Other lines are results for
T, =20,000 K and T, =5000 K only; - - -, set 1 for 0 < v transitions
and Eq. (4) with a =0.15, and - -, set 2 for 0 < v transitions and Eq. (4)
with a =0.

Lee? is very close to the relaxationtime rL r‘ ~o(T,) calculated with
set 1. Figure 6 shows the variations of ‘CHO( , T, )/r T o(T,) cal-
culated with set 2 and Eq. (4) witha =0.15as a function of T, for
different values of 7,. We note that, depending on the nonequilib-
rium of the ﬂow the relaxation time 7/°(7,, T,) may be greater
or less than rL n _ o(T,). The E-V relaxation time increase with in-
creasing electron temperature is not linear, and for 7, >20,000 K,
the ratio 7}'°(T,, T,)/ )"y _ ,(T.) reaches an upper limit. Note that
for the exciting c0nd1t10ns with T, <10,000K, tHO(T,, T,) remains
nearly equal to ‘L'L r _ o(T.). For the exciting condltrons with higher
electrontemperatures, the vibrationalrelaxationtime increases with
T, and T, and is up to a factor of four greater than z}'? _ (T.).

For the relaxing conditions (7, > T,), the relaxation time may be
either shorter or longer than &' _ ((7,). This result was already
observed by Bourdon and Vervisch® but in the present work, it is
put forward analytically. For 7, = 20,000 and 5000 K, we have also
presented the results obtained with set 2 and Eq. (4) with a =0,
which correspondsto the situation where w #0— v > w transition
rate coefficients are equal to 0— v — w coefficients.!” In this case,
at high 7, and T,, the relaxation time is less than the one obtained
fora =0.15, and the discrepancy decreases with decreasing 7, and
T,. Figure 6 also shows for these two temperatures the evolution
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of (T, T,)/ <}'9 _ ((T.) calculated with set 1 and a =0.15. Be-
cause of Eq 4), the choice of the rate coefficients for 0— v transi-
tions also has an influence on the ratio ‘L'HO(TL, T, )/r T o(To).
We note that the discrepancy with the results obtained with set
2 increases with increasing 7, and decreasing electron temp-
erature.

B. Anharmonic Case

To test the validity of an MO approximation to model the E-V
energy exchange in N,, we have compared the vibrational energy
relaxation rate computed using an MO with the one computed us-
ing the accurate potential given by Dmitrieva et al.’ In the whole
temperature range of our study, 3000 <7,, T, <40,000 K, we have
observed a maximum discrepancy of £3%. This result allows, for
example, direct comparison of the analytical expression of the re-
laxation time derived for an MO in this work with those proposed
by Mertens* for a more accurate anharmonic oscillator model. As
in the harmonic case, to validate the analytical expressions of the
relaxation times obtained in Sec. II1.B, different exciting and relax-
ing conditions have been studied. Figure 7 presents the evolution of
the normalized vibrational energy relaxation rate

dE}  dE, ™0 (1)

(35)
dr dr (Ef - Ev,inil)
as a function of the normalized time
=t)[M0_ (T.)] (36)

for the same condition as Fig. 3. In this case, for E-V rate coeffi-
cients, set 1 and Eq. (4) with a =0.15 is used. As in the harmonic
case, at short times, good agreement is obtained with a Landau-
Teller-type law and the relaxation time 77 _, ((T,). However, as
the vibrational energy increases, this model tends to overestimate
the vibrational energy relaxationrate. Better agreement is obtained
using the general expression of the relaxation time t™M°(T,, T,).
Discrepancies close to the final equilibrium are observed only for
T, > 20,000 K and are due to the contribution of high vibrational
level populations. In Fig. 7 we have also presented the results ob-
tained using the polynomial expressions proposed by Mertens* for
exciting conditions. As expected, with this model we obtain fairly
good agreement with computations. The slight discrepancies ob-
served are due to the small differences in the E-V rate coefficients
used in the two studies for v > 0 < w > v transitions. Note that we
have also obtained good agreement between computations and a
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Fig. 7 For an MO, the temporal evolution of the normalized vibra-
tional energy relaxation rate for an exciting condition with 7, = 30,000K
and atf = 0 s all N, molecules in the ground state: , numerical results
with set 1 for 0 « v transitions and Eq. (4) with @ =0.15; - - -, Landau-
Teller-type rate equation with Mertens’s relaxation time [Eqs (11-14)
in Ref. 4]; and - —, Landau-Teller-type rate equation with 7™ o(T,,T,).
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Fig. 8 For an MO, the temporal evolution of the normalized vi-
brational energy relaxation rate for a relaxing condition with Tex; =
15,000K at =0 s and T, = 5000 K: ——, numerical results with set 1
for 0 < v transitions and Eq (4) with @ =0.15 and - -, Landau-Teller-
type rate equation with T O(T,,T,).
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Fig. 9 Comparison of E-V relaxation tlmes -==, is pT, o(Te)
with set 1 for 0 < v transitions; - -, p, 7 . T _ u(T ) with set 3 for 0 oy
transmons, , relaxation time given by "Mertens* for T,=0eV;—,
P O (r,,T,) for T, =20,000 K and T, 2 T, withset 1 for 0 < v tran-
sitions and Eq. (4) with a =0.15; - - 5 Mertens’s relaxation time [Eqs.
(11-14) in Ref. 4]; and — —, Mertens’s relaxation time [Eqs. (11-13) in
Ref. 4].

Landau-Teller-type rate equation with t°(7,, T,) for the excit-
ing conditions with, at £ =0 s, all vibrational levels in Boltzmann
equilibrium at 300 K <T,,; < 7, for 3000 <7, <40,000 K.

As in the harmonic case, we have also carried out comparisons
for different simplified relaxing conditions, where at =0 s the vi-
brational distribution is characterized by a vibrational temperature
Texei > T,. As shown in one example in Fig. 8, we have observed
that the use of a Landau-Teller-type equation with tM°(T,, T;)
allows an accurate description of the vibrational energy relax-
ation rate for relaxing conditions with 3000 <7, <40,000 K and
T, < Ty <40,000 K. To study more in detail the influence of the
anharmonicity on the calculated relaxation time, we have presented
M0 _ o(T,) calculated with set 1 in Fig. 5. As expected, we note
that anharmonicityeffects have only a small influence on relaxation
times at high electron temperatures. Figure 9 shows the variation of
o9 _ o(T.) as a function of T, for sets 1 and 2. We note that the
discrepancy between both relaxation times remains nearly the same
as in the harmonic case. The relaxation time proposed by Mertens*
for T, =0eVisin good agreement with ourresults with set 1 at high
temperaturesand is much closerto the results obtained using set 2 at
low electron temperatures. To compare our results with Mertens,*
we have presented the relaxation time r O(T,, T,) calculated for
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Fig. 10 Variations of TeMO(Te, T, )/TeM;)_’ u(Te) as a function of T,
for different values of 7: , set 2 for' 0 v transitions and Eq. (4)
with a =0.15; A, T, =40,000 K; B, T, = 20,000 K; C, T, = 10,000 K; D,
T.=5000K; and E, T, = 3000 K. Other lines are results for T, =20,000K
and T, =5000 K only; - - -, set 1 for 0 < v transitions and Eq. (4) with

a=0.15 and - -, set 2 for 0 < v transitions and Eq. (4) with a =0.

the exciting conditions with 7, =20,000 <7, <40,000K. In agree-
ment with Mertens,* the relaxation time is shown to increase at high
vibrational temperatures in the exciting conditions. We note that
our model is very close to the two sets given by Mertens. Simi-
lar results have been obtained for other exciting conditions with
2000 <T, <40,000K and T, <T,. Figure 10 is the same as Fig. 6
in the anharmonic case. In comparison to Fig. 6, we note that the
relaxation time increases slightly more rapidly with 7, at high 7,
than in the harmonic case. However, the discrepancy between the
relaxation times obtained in the harmonic and anharmonic case re-
mains small. The influence of the value of a and the choice between
sets 1 and 2 is also shown in Fig. 10 and is very similar to the har-
monic case. In the harmonic and anharmonic cases, the tests of the
influence of the E-V rate coefficients have shown that the accuracy
of the derived relaxation time is only of a factor of two. There-
fore, further studies on the determination of E-V rate coefficients,
in particular for w #0 < v > w transitions, would be of great in-
terest to improve the accuracy of the E-V relaxation times. In the
anharmonic case, the expression of the relaxation time [Eq. (25)]
is more intricate than in the harmonic case [Eq. (16)] and, there-
fore, requires more computation time. However, for a given set of
0« v transition rate coefficients and a value of a, the relaxation
time can be tabulated easily for the electron and vibrational temper-
ature range of interest before the computation of the flow. For the
exciting conditions, we recommend the use of the polynomial equa-
tions given by Mertens, which are easy to implementdirectly in flow
codes.

V. Conclusions

In this work, a Landau-Teller-type model for the E-V coupling
in nitrogen is derived. In agreement with the most recent studies on
absolute integral E-V cross sections, the database used in this work
is made up of given rate coefficients for 0 < v > 0 transitions and
an analytical expression for other transitions. Note that the method
proposedcan be easily adapted to take into accounta more complex
analytical expression of v #0 < w > v transition rate coefficients.
By the considering of harmonic and anharmonic oscillator mod-
els, analytical expressions of relaxation times are presented assum-
ing that the relaxation proceeds by way of a continuous series of
Boltzmann distributions over the vibrational states. This model has
been validated by comparisons with the directnumericalintegration
of the master equation for vibrational level populations for various
conditionsencounteredin high-enthalpy flows with electron and vi-
brational temperatures up to 40,000 K. Note that this model can be
used to model accurately the E-V energy transfer even in situations

where the vibrational distribution deviates from a Boltzmann dis-
tribution. In exciting conditions, the E-V relaxation time derived in
this study for an MO is in good agreement with the recent results
obtained by Mertens.* For the exciting conditions, to model the E-V
coupling in flow codes, it is recommended to use the polynomial
equations proposed by Mertens.* In this work, an attempt to model
the E-V coupling in relaxing flows is also presented. The simplified
case where, att =0 s, the vibrationaldistributionis characterizedby
a vibrational temperature 7.,.; > T, has been studied. Further work
in this direction should take into account a more realistic shape of
the vibrational distribution in relaxing conditions.
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